The classical theory of controllability for deterministic systems is extended to linear stochastic systems defined on infinite-dimensional Hilbert spaces. Three types of stochastic controllability are studied: approximate, complete, and S-controllability. Tests for complete, approximate, and S-controllabilities are proved and the relation between the controllability of linear stochastic systems and the controllability of the corresponding deterministic systems is studied. ᮊ 2001 Academic Press
INTRODUCTION
The present paper systematically studies the notions of controllability for stochastic dynamical systems, described by linear stochastic differential equations in Hilbert spaces.
For finite-dimensional systems, the notion of controllability was introw x duced by Kalman 12 . Later, the notion was extended to infinite-dimen-Ž w x w x. sional systems see Fattorini 11 and Russel 17 and many interesting Ž w x . results were obtained see for example 5, 8, 20 . Afterward, many works appeared concerning controllability of stochastic systems. We mention a w x few here 1᎐4, 9, 10, 13, 16, 18, 19 . In a stochastic setting there are at least three concepts of controllability; complete controllability, approximate controllability, and S-controllability. These notions are introduced in Section 2. One of these three concepts, S-controllability of partially observed linear stochastic systems, was studied Ž w x. by Bashirov and this author see 2, 3 .
With reference to infinite-dimensional Hilbert spaces, three types of stochastic controllability are studied, approximate, complete, and S-controllability, all of which generalize the classical ones of deterministic systems in infinite-dimensional spaces. Our analysis then shows the following:
Ž .
i The complete controllability of the linear stochastic system at time T, the small time complete controllability of the linear stochastic system, and the small time complete controllability of the corresponding Ž . deterministic system are equivalent Section 3 .
Ž .
ii The approximate controllability of the linear stochastic system at time T, the small time approximate controllability of the linear stochastic system, and the small time approximate controllability of the corre-Ž . sponding deterministic system are equivalent Section 4 .
iii The small time approximate controllability of the stochastic system is equivalent to the small time S-controllability of the same system Ž w x. with the gaussian control set Section 5; see also 1, 3, 4 . It is known that criteria for controllability in infinite-dimensional sys-T Ž . and its stochastic analogue ⌸ T . We also find a formula for the control 0 which transfers the linear stochastic system from an arbitrary x to an 0 arbitrary h under natural conditions.
PRELIMINARIES
Notations Ž . Ä 4 Let ⍀, F F, P be a probability space with filtration F F : 0 F t F T ; X, t
Ž .
H, E, and U are separable Hilbert spaces. Let w t be a Wiener process on E with covariance operator Q and be an H-valued Gaussian Ž . variable with mean x and covariance operator P . w t is a vector-valued 0 0 1
Wiener process on R with covariance matrix Q . We assume that , w, w 
is a domain and Im R is an image of the linear operator R.
Let f be a P-measurable function on Ž . ⍀ to L 0, T ; Y and Y a Hilbert space. For 0 -t F T, denote by f the 2 t w x Ž . restriction of f to 0, t = ⍀ and by f denote the -algebra generated
is the Hilbertian sum of subspaces X .
Partially Obser¨able Systems
We consider the class of infinite-dimensional partially observable w x stochastic system in the interval 0, T , 
Ž . Žw
The inno¨ation process I t is a Wiener process relati¨e to Z Z and w t
s F I t , where w t is a k-dimensional Wiener process with co¨ariancê
matrix Q . 1 Ž w x. Ž. LEMMA 2.2 see 7 . If u и g U U then the Kalman filter ad x t s E x t ¬ Z Z s E x t ¬ Z Z 0 Ä 4 Ž . Ž . Ž .
Ä 4 t t is the mild solution of dx t s Ax t q Bu t dt q D t dw t
² :
Ž . Ž . H 0 Ž . We also consider the deterministic system corresponding to 4 , t y t; y ,¨s S S t y q S S t y s B¨s ds, 5
The Stochastic Controllability Operator
H associated with 4 , and the controllability
Before studying the stochastic control problem, let us first investigate x H s h , . . . , h be the finite-dimensional subspace generated by h , 
4 we obtain that the sequence и is fundamental. Thus there exists a Ž .
, to obtain the desired representation it remains 2 Ž . to pass the limit in 9 .
The definition of the operator ⌸ T and the stochastic Fubini Theorem lead s to the desired representation, 
Definitions
Let us introduce the sets
First we define the stochastic analogue of complete controllability and approximate controllability concepts.
Ž . DEFINITION 2.1. The linear stochastic system 4 is said to be To introduce the S-controllability notion we need the following theorem which shows that we need not introduce separately approximate controllability and complete controllability concepts in the stochastical sense.
Denote
The following proposition holds:
Proof. It is known that
We will only show that
Hence, for such u g U U we have
This theorem motivates us to introduce the following concept.
Ž . DEFINITION 2.2. The linear stochastic system 4 is said to be S-controllable if
i.e., given an arbitrary ) 0 it is possible to steer from the point x to 0 ' within a distance from all points in the state space H at time T with a probability arbitrarily close to one.
If T ) 0 can be arbitrarily small, we add the words ''small time'' in front of ''controllable.'' We say small time completely controllable, small time approximately controllable, and small time S-controllable.
Minimum Energy Principle
We define the linear regulator problem: Minimize 
Ž . Ž . i for arbitrary x g H and h g L Z Z , H the control
0 2 T y1 U U 0 T u s yB S S T y t ⌫ S S T x y Eh Ž . Ž . Ž . Ž . t 0 0 ½ t y1 T q ⌫ S S T y s D s y h s dw s Ž . Ž . Ž . Ž . Ž .
THE COMPLETE CONTROLLABILITY
In this section necessary and sufficient conditions for complete controllability are discussed. 
Ž .
Ž . w x a The stochastic system 4 is completely controllable on 0, T .
Ž . b The deterministic system 5 is completely controllable on e¨ery w x s, T , 0 F s -T.
Ž . c The deterministic system 5 is small time completely controllable.
Ž . 
Ž . Ž . a « b . Assume that the stochastic system 4 is completely conw x Ž . trollable on 0, T . Then by Theorem 3.1 a ,
To prove the complete controllability of the deterministic system 5 let us write the left-hand side of the above inequality in terms of ⌫ T . To do this s we use Lemma 2.3, j s 2, 3, . . . , k, g 0, T , then Dividing through by , and taking the limit as ª 0 q one can see that
r Ž . w x That is, the system 5 is completely controllable on each r, T .
Ž . Ž . c « d . If the deterministic system 5 is controllable on every w x r s, , then the operator ⌫ is invertible and an operator defined by
Ž .Ĥ 
Ž . w x a The stochastic system 4 is approximately controllable on 0, T .
Ž . b The deterministic system 5 is approximately controllable on e¨ery w x s, T , 0 F s -T.
Ž . c The deterministic system 5 is small time approximately controllable.
From here 
Ž . w x b The deterministic system 5 is approximately controllable on 0, T .
Ž . a m c follows from Theorem 4.2.
THE S-CONTROLLABILITY
To compare approximate controllability and S-controllability concepts let us restrict ourselves to the case when the control set has to be the gaussian set U U g . 
from which we deduce that
Now small time S-controllability of the system 4 with the control set U U ad follows from Chebyshev's inequality.
Ž . Ž . ii « i . The proof of this implication is similar to the proofs given w x w x Ž . in 1 and 4, Theorem 12 . Suppose that the system 4 is small time S-controllable. Let h g H and look at the sequences
Then there exists a sequence u g U U such that
and, consequently, for arbitrary ) 0 there is a number N such that 0 --2 and
This inequality implies the convergence of x T; x , u to ĥ 0 in probability, so that for arbitrary ) 0, T; x , u , i s 1, 2, . . . , n, Remark 5.1. If H is finite-dimensional space, then the complete controllability, the approximate controllability, the S-controllability of the Ž . stochastic system 4 , and the controllability of the corresponding deter-Ž . Ž w x. ministic system 5 coincide see 14 .
APPLICATIONS
In general, it is hard to prove that a system is completely controllable. We consider a simple example here as an application of Theorem 3.1.
Ž . Consider the controlled wave equation with a distributed control u t, и Ž . g L 0, 1 , 
